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We suggest pseudo-additive measures based on a pseudo-addition and discuss 
integrals with respect to pseudo-additive measures. A pseudo-additive measure is a 
special type of fuzzy measures. To define an integral, a multiplication corresponding 
to a pseudo-addition is introduced. The resulting integral is an extension of the 
Lebesgue integral. In this context, RadonNikodym-like theorems are shown. 
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1. INTRODUCTION 
The concept of fuzzy sets suggested by Zadeh [S] is a mathematical 
expression of sets without precise boundaries and has been applied to 
various problems in engineering. A fuzzy set A on X is characterized by 
assigning the grade of belonging to A to each element x in X. 
Sugeno [6] suggested the concept of fuzzy measures: another 
mathematical expression of fuzziness in contrast to fuzzy sets. A fuzzy 
measure on X is characterized by assigning the grade of certainty of “x E A” 
to each subset A of X, where x is an unknown element of X. Fuzzy 
measures are set functions with monotonicity which have not necessarily 
additivity. These are more flexible than probability measures and 
applicable in ambiguous circumstances. Sugeno [6] further suggested the 
fuzzy integral which is an integral with respect to fuzzy measures. The fuzzy 
integral has very nice properties since it is defined by only order relation. 
These two concepts have been also applied for various problems (Sugeno 
[6], Seif and Aguilar-Martin [S], and Ishii and Sugeno [2]) so far. 
We now state the definitions of a fuzzy measure and a fuzzy integral. Let 
(Q, &) be a measurable space. A set function p: & -+ [O, l] is said to be a 
fuzzy measure iff the followings hold: 
(Fl) Ad)=O,/W)=L 
(F2) A, BE&’ and AcB=c-p(A)<p(B), 
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(F3) ;A,,; cd and A,,tA*p(A,,)tAA)> 
(F4) (A,,) cd and ii,,JA -p(A,,)lp(A). 
The fuzzy integral of a measurable function h: Q + [0, 11 is defined by 
By the definition, the fuzzy measure is an extension of the probability 
measure. The fuzzy integral is, however, not an extension of the Lebesgue 
integral. So the question how to define an extended Lebesgue integral with 
respect to the fuzzy measures arises. It seems very difficult to answer this 
question since the fuzzy measures have only monotonicity. But it is possible 
to consider an extension of the Lebesgue integral together with a class of 
the fuzzy measures satisfying some special conditions. 
In this paper we consider the condition that, for some binary 
operation 7, 
P(A u B) = AA 1 + P(B) whenever A n B = qi 
This condition is called 7 decomposability by Weber [7]. He defines an 
extended Lebesgue integral with respect to the $ decomposable fuzzy 
measures in case that $ is a continuous Archimedean t-conorm. His 
integral is defined by 
where g* is a pseudo-inverse of an additive generator g of T and ,C is an 
ordinary measure satisfying p = g* 0 ,ii. If ? has no additive generator, that 
is, $ is non-Archimedean, then this integral cannot be defined. In this 
paper we shall deal with a more general case. We consider a non- 
Archimedean T and a multiplication corresponding to $ . Thus the 
resulting integrals include not only the Lebesgue integrals but also the 
Sugeno’s fuzzy integrals with respect to the F-additive fuzzy measures. 
We consider a set function p on a o-algebra .d of sets satisfying the 
following conditions: 
PI) Ad)=03 
(S2) A, BE& and A c B=sp(A)<p(B), 
(S3) A, BE&’ and AnB=@ap(AuB)=p(A) 4 p(B), 
(S4) {A,)cd and A,tA*I*(A,)tdA). 
The condition p(Q) = 1 is not essential and we remove (F4), i.e., the con- 
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tinuity from above since (F4) does not tit (S3). The set function p is not 
always a fuzzy measure in the sense of Sugeno. 
We first define a pseudo-addition to be a binary operation $ charac- 
terized by the above four conditions and show that it is represented by a 
family of one-place functions. Then we define a pseudo-additive measure to 
be a set function satisfying the above conditions if $ in (S3) is a pseudo- 
addition. We show that, for some pseudo-additive measure, the universal 
set can be partitioned by the values of a pseudo-additive measure. To 
define an integral of a function with respect to a pseudo-additive measure, 
we should set the following requirement. The integral of a function 
with respect to a pseudo-additive measure p depends on only a and n(A), 
that is, there is a two-place function I such that 
Here we denote ](a, x) by a * x and define the extended Lebesgue integral 
with respect to a pseudo-additive measure by replacing the ordinary 
addition + and the ordinary multiplication . with $ and ?, respectively, in 
the definition of the Lebesgue integral. The resulting integral has the 
properties similar to the Lebesgue integral. For example, a monotone con- 
vergence theorem and Radon-Nikodym-like theorems hold. 
2. PSEUDO-ADDITIONS 
For the consistency with the conditions (Sl)--(S4), it is necessary that a 
binary operation $ satisfies the followings: 
(PI) XT o=o T x=x, 
(P2) (x+y)+z=x?(yGz), 
(P3) x6x’ and y<y’dx 4 ydx’ + y’, 
(P’4) xntx and y,Ty*x, $ y,Tx 4 y- 
For the sake of simplicity we put a stronger condition 
(P4) x,+x and yn+y*x, T y,,+x % y 
in place of (P’4). (P4) is very natural for an operation $ on [0, + cc 1. We 
call a binary operation T on [0, + co] satisfying (Pl)-(P4) a pseudo- 
addition: the ordinary addition satisfies those conditions. 
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A pseudo-addition can be represented by a family of one-place functions. 
DEFINITION 2.1. Let {(x,, pk): k E K} be a family of disjoint open inter- 
vals in [0, + co] indexed by a countable set K. For each k E K, associate a 
continuous and strictly increasing function 
gk: ccrk> Bkl -+ co> +=I. 
We say that a binary operation $ has a representation 
iff 
x+y= gk*(gktX)+ gk(y)), tx, ?ilE ccc,, pkl’ 
max(x, Y), otherwise, 
where gt is the pseudo-inverse of g, defined by 
gk*(x)= gk~‘tmin(& gk(bk))). 
For example, the ordinary addition + has the representation 
WA +~)tu>l h w ere U(X) =x, Vx E [O, + CD], and the binary operation 
max has the representation 4, that is, it has no (elk, fik). 
The next theorem follows from [3] and [4]. 
THEOREM 2.1. A binary operation is a pseudo-addition iff it has a 
representation { ((cf,, Bk), gk): k E K}. 
As a corollary of this, we obtain that a pseudo-addition is commutative. 
Throughout the rest of the paper, $ is used as a pseudo-addition and 
{((a,, DA), gk): k E KJ is a representation of 7. The set of all idempotent 
elements with respect to 7 is denoted by Z, that is, I= (X : .Y $ .Y = .Y 1, 
Obviously I is a closed set and 
I= lot + ml - u (@kr Pk). 
keK 
We write 
f x,=x, 7 “. + x,, 
,=I 
and 
!c, ,Y, = lim f xi. 
“A”;=, 
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DEFINITION 2.2. A half open interval (a,, pk] is called nilpotent iff, for 
each XE (a,, fik], there is a positive integer n such that nx = fik, formally, 
It is easy to show that (ak, pk] is nilpotent iff gk(Bk) < +co. 
Obviously (0) u (a,, fik] is a submonoid of ([0, + cc], T) for every 
k E K. For each k E K, we introduce a function 
defined by 
pJX) = 
i 
g/Ax), XE(%T fikl 
0, x = 0 
then the pseudo-addition on { 0} u (akr jk] is expressed by 
xq Y=ii,*(~,(x)+ FL(Y)), 
where 2: is defined by 
g?yx) = 
1 
gk*(x), x>o 
0, x = 0. 
These functions gk and j; are used later. 
3. PSEUDO-ADDITIVE MEASURES 
Let (Q, &‘) be a measurable space. 
DEFINITION 3.1. A set function ~1: d + [0, + a] is said to be a pseudo- 
additive measure (with respect to $ ) iff ~1 satisfies the following conditions: 
(2) A,BE& and AnB=c,d*p(AuB)=p(A)~p(B), 
(3) {A,)c@’ and A.~A*P~(A.)~I*(A). 
We write a pseudo-additive measure with respect to $ as a $ measure 
for short and call the triplet (Q, -c4, p) a $ measure space. Obviously the 
ordinary measure is the pseudo-additive measure with respect to the 
ordinary addition +. In the sequel we shall write z:,, lJ,, fin, etc. in place 
of Cz,, Uz,, n,:=, , etc. 
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By the definition. a $ measure ,U is motone: A, BE .d’ and A c B=+ 
p(A) <p(B). It is also a-pseudo-additive: {A,,, I is a disjoint sequence of sets 
in &*p(U,,A,,)=C,, ,n(A,,). It is easy to show that a T measure is not 
always continuous from above. However, the next theorem holds. 
THEOREM 3.1. J/’ ,u is u $ measure on ,QI’ und if’ 1 A,,) is II decreasing 
sequence of sets in .d such that lim,, _ , p(A,,) is not idempotent or equal to 
zero, then 
lim AA,,) =P n A,, . II- x ( 1 ,I 
ProgjY If km,, _ x p(A,,)=O, then lim,,,, ,u(AR)=p(n,,A.)=O follows 
from the fact that 0 <,~(n,, A,,) <<(A,,) for every n. 
Assume that a = lim,, _ r p(A,,) is not idempotent. Then there is k E K 
such that UE (c(,, fi/,), and there exists a positive integer N such that 
,u(AN) E (c(~, /I,). {A, - A,,} is an increasing sequence and, 
l*(A,)=~L(A,,)S11(A,~--,,,) for Ndn 
Thus, as n + x, 
A&)=& (AN-? 4). 
On the other hand, obviously 
P(A,)=I’(?A.~~-~(A,~A,,). 
Therefore, if p(A, - n,, A,,) < gk, then 
a=dA,v)=~ i(-)An . 
( 1 n 
Furthermore, if ,u(A, - n, A,,) 3 c(k, then 
4. DECOMPOSITION THEOREM 
We define a concept substitute for a-finiteness. 
DEFINITION 4.1. Let p be a T measure on (Q, .ry’). ,U is said to be 
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cr-decomposable iff it holds that if 9’ is a class of mutually disjoint 
non-null sets in d, then 9 is countable. 
PROPOSITION 4.1. o-finiteness of an ordinary measure p implies its 
a-decomposability. 
Proqf. Let 9 be a class of mutually disjoint non-null sets. Since I( is 
o-finite, there exists a sequence {B,,} such that Q = U,, B,, and 
AB,J< +a for n = 1, 2,.... 
We write 
Pn,,, = (A ~9: p(B,,)/2”< p(A n B,) Q p(B,)/2”-‘} for n, m = 1, 2 ,... . 
Since Pn’,,, has at most 2” - 1 elements, 9 = U.,, YH,, is countable. 
The converse of this proposition does not hold, because, if .r4 = {Q, d} 
and p(Q) = +co, then p is not u-finite but a-decomposable. We will show 
the precise relation between a-finiteness of an ordinary measure and its 
cr-decomposability. 
For every kE K we define IV;(~) (or #II,) to be a class of all the sets 
A E .d with the following properties: 
(WKl) BE.& and B~A=>~(B)E{O}U(M~,B~], 
(WK2) there exists a sequence {B,} cd such that A = lJn B, and 
p( B,,) < Pk for n = 1, 2 ,.... 
Similarly -W;(p) (or ?P;) is defined to be a class of all the sets A ES&’ 
satisfying 
(WI) BE& and B~A=E=~(B)EI. 
For A, BE J&‘, we denote p(B - A) = 0 by A c B[p], and p((B - A) u 
(A-B))=0 by A=B[p]. 
Let % c d and ME q. We say that A4 is p-maximal in 9? iff Cc M[p] 
for every C E V. 
LEMMA 4.2. If p is a a-decomposable $ measure on d and if V is a sub- 
class of ~2 satisfying the following conditions: 
(Ll) %#A 
(L2) CE%? and DC C[p] *DE%, 
(L3) {c,~~~*unc,~~> 
then g has a p-maximal element. 
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ProqJ Let ID, be a set of all classes consisting of mutually disjoint non- 
null sets in (4:. If rai = q5, then any element ME V is p-maximal in %?‘. Let us 
assume i[D # 4. UI is inductively ordered with respect to class inclusion. By 
Zorn’s lemma there exists a maximal element 9,, in D. Since ,U is a-decom- 
posable, a0 is countable, so if A4 = U go, then ME 9?. 
We show that M is p-maximal in g. Let us assume that there exists 
CEV such that p(C-M)>O. Since C-MEW, .QOu {C-M} is greater 
than s0 in ED. This contradicts the fact that g0 is maximal in D. 
THEOREM 4.3 (Decomposition theorem). Zf p is a a-decomposable $ 
measure on (Q, .d), then the followings hold: 
( 1) w, and Y4$ (k E K) have ,a-maximal elements W, and W, respec- 
tively. 
(2) W,n W,.=r$[p]fork#k’,and W,n W,=d[p]foreverykEK. 
(3) Q = UktK Wk u W,CPl. 
Proof: (1) It is easy to show that w and %!$ satisfy the conditions 
(Ll ))(L3) in Lemma 4.2. Hence ?ly and Y& have ,u-maximal elements W, 
and W,, respectively. 
Note that 
A E-%-A = W,CPI, 
and 
(2) Let A= W,n W,. Since AE%$, there exists (B,) cd such that 
U,, 4, = A and ,441 E (0) u (CQ, fik) for n = 1, 2 ,.... On the other hand, the 
fact that B,, c A E w, implies B, E w,, that is, p(B,) E I. Therefore p(B,) = 0 
for n = 1, 2,.... So we have p(A) = 0. Similarly W, n W,. = 4[p] for k # k’. 
(3) Let X=Q-[UkEK W, u W,]. If XE~;, then Xc W,[p] and so 
p(X) =O. We now assume that X4 fl, then there exists a subset A of X 
such that ~(A)E(cx~,/~~) for some keK. We write %‘= {BE&‘: EcA and 
p(B) 6 CQ}. It is easy to check that %’ satisfies (Ll)-(L3) in Lemma 4.2. Let 
M be a p-maximal element in V and let B= A -M. Obviously p(B) = 
p(A) > 0 and BE Y&. Since B c X, this contradicts the detinition of X. 
By this theorem, the relation between Ainiteness of an ordinary measure 
and its a-decomposability is made clear. 
PROPOSITON 4.4. If p is an ordinary measure on (52, .sB), then p is 
aTfinite $f p is o-decomposable and W, = b[p]. 
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Proof. Suppose that p is a-finite. By Proposition 4.1, p is a-decom- 
posable. Since I= (0, + co } in this case, obviously W, = d[p]. 
Conversely suppose that p is o-decomposable and W,= #[p]. In the 
representation of the ordinal addition, we have K= (0) and (Q, /$,) = 
(0, + co). By the theorem, we have D = W, u W,= W,[p], that is, R E “IlrO. 
It follows from the property (WK2) of Y& that p is o-finite. 
Lastly we show a correspondence of a $ measure with an ordinary 
measure. 
THEOREM 4.5. Let (Sz, JX?, p) he a $ measure space. I f  L? has the 
property (WKl ) for some k E K, there exists an ordinary measure ji such that 
p = 2: 0 ji. Moreouer zf Q has the properties (WKl ) and (WK2), i.e., 
52 E Y$, then p is o-finite and unique. 
Proof. Let 
%={A-w4d,}, 
and 
2-S= 
i 
u A,,: A,E~~, fern= 1,2 ,... , 
” 
@?=&f-Sl. 
If {A,), {B,} are mutually disjoint sequences of sets in &I0 such that 
UltAn=UmBm, then 
Therefore we can well define p by 
c tZkOP(A,), for A = U A, 
n n 
CL(A)= where (A,,} c a0 is mutually disjoint 
+m, for AE%. 
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We show that ,ri is an ordinary measure on .d. Obviously p(4) = 0. Let 
‘A,!) be a disjoint sequence of the sets in .vZ. If IJ,, A,, E%, then there exists 
$ positive integer m such that A,, E 9Z. Thus g(u, A,) = + ZYZ = C,, ,ii(A,,). 
Let assume that U,, A,, E %‘, then there exists a disjoint sequence (B,) c 2,) 
such that U,, A,, = U,, B,,. Since A,, n B, E .@, for n, m = 1, 2 ,..., 
It follows from the definition of j that p = Sk* 0 j. If Q E Y#$, then 98 = &‘, so 
it follows that p is a-finite and unique. 
5. MULTIPLICATIONS 
It is natural to assume that an integral of a function 
with respect to a T measure p depends on only a and p(A). We introduce 
a binary operation t called a multiplication and express the integral off by 
a ^ p(A). Furthermore we require that the indefinite integral with respect to 
a $ measure is also a $ measure. So we set up the following conditions 
for :: 
(Ml) a*(~+y)=(a*x)+(a^y), 
(M2) a<h=a^xdb*x, 
(M3) a^x=Oou=O or x=0, 
(M4) there exists a left identity element, that is, 3e~ [0, + co], 
VXE [O, +a], e^x=x, 
(M5) O<a<+a, a,,+u, and .Y,,-+.Y =r u,,~.Y,,+u~x, 
and (+;c)*.\-=lim,,_, +, a*.u. 
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We call a left operation * on ([0, + 001, T) satisfying (Ml)-(M5) a 
multiplication corresponding to 7. For example, the ordinary mul- 
tiplication, denoted ., is one of the multiplications corresponding to the 
ordinary addition + , and both min and . are multiplications corresponding 
to max. 
The next theorem shows the structure of a multiplication on [CQ, flk]. 
The proof is shown in Appendix. 
THEOREM 5.1. Zf : is a multiplication corresponding to $, then there 
exists a family of nondecreasing continuous functions (h,: k E K} such that 
a * x = gk*(h(a) gdx)) for a>OandxE [cc,, flk], 
h,(e)=l, O<h,(a)< +GC for O<a< +a, 
and if (elk, bk] is nilpotent, then h,(a) = 1 for a < e. 
We cannot characterize the structure of a multiplication on Z, the set of 
all idempotent elements. But by the theorem if UktK[ak, flk] = [0, + co], 
then, for every idempotent element x, 
a’x= 
i 
0, a=0 
4 a > 0. 
In this case the converse of the theorem holds. 
PROPOSITION 5.2. Let e he a number in (0, + CXI] and let {h,: k E K} be a 
family of nondecreasing continuous functions on (0, + w] such that 
h,(e) = 1, 0 <h,(a) < + co, for 0 <a < +a,, and, if (elk, flk] is nilpotent, 
h,(a) = 1 for a 6 e. Zf 
1 
0, a=0 
a*x = X, a>OandxEI 
&Vda) g&)), a>OandxEIC(p,Pk], 
then * is a multiplication corresponding to T. 
Proof. It is easy to check that ‘: satisfies the conditions (Ml)-(M5). 
If $ has no nilpotent interval, there is a multiplication with good 
properties. 
PROPOSITION 5.3. If $ has no nilpotent interval, and if 
0, a=0 
a:x= x, 
I 
a>OandxEI 
g,*(a. gkb)), a>OandxE [cc,,/?~], 
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then : is a multiplicution corresponding to ? with the following properties: 
(a + h)  ^ x = (a  ^ x) + (h * x), 
(ah)  ^ x = a ‘: (h ‘: x). 
Proqf: Trivial. 
Throughout the rest of the paper, f is used as a multiplication 
corresponding to $, and {h, : k E K) is a family of functions satisfying the 
conditions in Theorem 5.1. We further define h,JO) = 0, Vk E K for con- 
venience. 
The next proposition is used in Sections 6 and 7. 
PROPOSITION 5.4. ( 1) 1’ u, E [0, + co] and xi E (0) LJ (cc,, pJ for 
j = 1, 2 ,..., n, then 
(2) !f uiE [0, +GO] and xjEIfor j= 1, 2 ,..., n, then 
f  a,  ^ xi E I. 
,= I 
Proof (1) The first assertion is trivial. We have 
f a,  ^ xi= g,* 
! 
f  gk 0 g,*(h,(aJ 2 
/=I j= 1 
Hence if h,(Uj) &(-XI) < gk(fik) for every j, then we obtain 
Let US assume that h,(u,,,) 2,(x,,) 2 gk(fik) for some j,. Then 
f gk o cf,*(h,(Uj) lTk(XJ) 3 gk(Pk) 
j=l 
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and 
k h/c(aj) .!?k(Xj) 2 &fk(Pk). 
,=I 
Therefore 
f aj * Xj=flk= gk* ( f h,(a,) gk(xj)). 
i= I j= I 
(2) Trivial. 
6. INTEGRATION 
Now we define the integrals with respect to the T measures. We develop 
a theory in a similar manner with to the ordinary integral theory. 
Let (0, &‘, p) be a T measure space. 
DEFINITION 6.1. Let 
WEA, j= 1, 2 ,..., n 
otherwise, 
where Aj~sd, O<a,< +cc for j=l,2,...,n, and AinAj=4 for i#j. We 
define the integral of f over BE d to be 
s Bf dp= f ai^ p(AjnB). ,= I 
Let f be a nonnegative measurable function on Q and let {fn} be a 
sequence of nonnegative measurable simple functions such that 
fn(o) t f(w) for every CO E B. We define the integral off over B to be 
It is easy to show that this integral is well defined. Note that the 
definition depends on the chaise of a multiplication. 
This integral has the same properties as Lebesgue’s one. We define the 
characteristic function of A E ~4 by xA : 
x,4(m)= t;’ 1 C0EA 7 ClIffA. 
(4) jn,fdp=O*f=O u.e. 
(5) T/,J.dp=j‘nx/I ‘f’dw 
(6) The monotone convergence theorem; if { fn} is a sequence of non- 
negative measurable functions on Q such that 
f,,(o) T .f’(o) a.@., 
then 
(7) If v(A)=j,f& f or every A E s&‘, then v is a $ measure on 
(Q, -&I. 
We omit the proof. By Proposition 5.3, the next proposition holds. 
PROPOSITION 6.2. Assume that $ has no nilpotent interval, and further 
assume 
a=0 
a>OandxEI 
a>OandxE [cr,, fik]. 
Let f and g he nonnegative measurable functions, and let 0 < a, h 6 co, then 
(1) f(af+bg)dp=a’jj.dp $ h^jgdp, 
(2) $v(A)=p,fdpJor every AE&, then 
Last, we show a relation between an integral with respect to some 7 
measure and a Lebesgue integral. 
THEOREM 6.3. Zf Q has the property (WKl) for some k E K, and if j is 
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an ordinary measure such that p = Sk’0 ,ii, then, for every nonnegative 
measurable function f on Q, 
Proof By the left continuity of 2: and the monotone convergence 
theorem, it is sufficient to prove the theorem for a simple function f: 
If ,f(w) = 0 for almost all 0 E Q, it is trivial. So let 
f(w) = {Z> wEA,forj=1,2 ,..., n 
otherwise, 
whereO<a,< +~~forj=l,2 ,..., n,andA,nA,=4fori#j.Thenwehave 
= gf 
! 
f h,(a,) gk :J ,u(A,) 
,=I 
and 
If gk”p(A,) = ji(A;) for every j, the theorem holds. So let us assume that 
2k 0 P(Ajo) # PL(Aj”) for some jO. 
In this case (a,, lJk] is nilpotent. By the proof of Theorem 4.5, we have 
gk 0 p d fi and p( A j,,) = Pk. Thus 
Therefore 
The proof is complete. 
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7. RADONSNIKODYM-LIKE THEOREM I 
We now prove a RadonNikodym-like theorem for the integral defined 
with a certain multiplication. 
By Lemma 4.2, next lemma holds. 
LEMMA 7.1. If p and v are $ measures on (Q, d), and zf u is a-decom- 
posable, then the family qf v-null sets, {A E d: v(A) = 0}, has a u-maximal 
element N. 
We call N a p-maximal v-null set. 
Throughout this section, we assume that a multiplication satisfies the 
following conditions. 
(Al) a ‘: x=x for a>O, XEZ, 
and t-42) lim,+ +() a 2 x=czk for XE (c(,, Pk) if (tlk, pk] is not nilpotent. 
(+co)^x=jk for XE(C~~, ljk), kEK. 
THEOREM 7.2 (RadonNikodym-like theorem I). Zf u and v are $ 
measures on (Q, G!), and ~fu is a-decomposable, then there exists a function 
f such that, for every A E -c4, 
tfjj the ,following conditions are satisfied: 
(1) u(A)=O*v(A)=O, 
(2) A~~(~)jv(A)~(O}u(ak,Bkl,vk~K, 
(3) (slk, /Ik] is nilpotent and A E %$(u) =S p(A -N) d v(A -N), 
(4) AeW,(u)=>p(A-N)=v(A-N), 
where N is a u-maximal v-null set. 
In the rest of this section we prove this theorem. First, we consider 
“K(P). 
LEMMA 7.3. Let (elk, fik] be not nilpotent. If u and v are T measures on 
(Q, s4), ~fu is a-decomposable, and tfQ E %‘&), then there exists a function 
f such that, for every A E& 
5 ,f du=v(A) 
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ifs the following conditions are satisfied: 
(1) &4)=O*v(A)=O, 
(2) v(A) E (0) u (a,, /3J for every A Ed. 
Proof: The necessity is trivial, so we prove the sufficiency. By 
Theorem 4.5 there exist ordinary measures ji and V such that p = g,* 0 CL, 
v = 2: 0 V and ji is a-finite. Since V is absolutely continuous with respect to 
,& there exists a function f such that, for every A E d, JA f dji = F(A). By 
the assumption (A2) the range of h, is [0, + co], hence there is a 
measurable function f such that J; = h, of: Therefore for every A E: d, 
LEMMA 7.4. Let (a,, fik] be nilpotent. Jf p and v are $ measures on 
(Q, d), ifp is o-decomposable, and ifQ E W&L), then there exists a function 
f such that, for every A E &, 
J Af dp=v(A) 
iff the following conditions are satisfied: 
(1) p(A)=O-v(A)=O, 
(2) 64) E (0) u (ak, Pkl for every A cd, 
(3) if N is a p-maximal v-null set, v(A - N) 2 p(A - N) for every 
AEd. 
Proof. Let ji and V be ordinary measures such that p = gz 0 ji and 
v = gz 0 V. First, suppose that JA f dp = v(A) for every A E d. (1) and (2) 
are trivial. Since h,(a) 3 1 for a > 0, and since f(o) > 0 for almost all 
o~Q--N. 
v(A-N)=jAeNf dp 
214 
= ?k*(l3A -NJ) 
= p(A - N).
Conversely suppose (l)-(3). Similarly to the previous lemma we obtain a 
function f such that, for every A E &‘, lA ,f dji = C(A). Since p(A - N) d 
?(A - N) for every A E J&‘, f(o) 3 1 for almost all w E Q - N. And obviously 
,f(w) = 0 for almost all w E N. Therefore there is 
such that f = hk :~,f: For every A E .d there holds 
a measurable function f 
s ;fdp= “(A). 
Next we consider “w;(p). 
LEMMA 7.5. lf A E W,(,u) and $f’(o) > 0 ,for almost all w E A, then 
c .f h=AA). 
JA 
Proqf By the assumption (Al ), for every a E (0, + a3 1, 
I adp=a A 
Hence for every positive integer n, 
so we have 
On the other hand, 
The proof is complete. 
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LEMMA 7.6. If ,a and v are $ measures on (Q, LX!), and $Q E W,(p), then 
there exists a function f such that, for every A E Cd, 
5 ,f &=W) 
iff v(A - N) = p(A - N) for every A E d where N is a p-maximal v-null set. 
Proof. If iAfdp=v(A) f or every A E d, then, since f(w) > 0 for almost 
all WEQ- N, 
v(A-N)=leNfdp=p(A-N) 
for every AE~. 
On the other hand, if v(A - N) = p(A - N) for every A E ,QI, and if f is a 
measurable function such that f(o) = 0 for w  EN and f(o) > 0 for 
WEQ-N, then 
for every A E ~22’. 
Now Theorem 7.2 follows from these lemmas and Theorem 4.3. 
8. RADON-NIKODYM-LIKE THEOREM 11 
If ULEK[ak, flk] = [0, +co], then the assumption (Al) in Section 7 is 
satisfied. However, for example, if T is max, then (Al ) means that, for 
every x E [IO, + co], 
a*x= 1 
0, a=0 
X, a>0 
and this multiplication is not natural. So in this section we prove a 
Radon-Nikodym-like theorem for max-measures. 
The max-measure is called F-additive in [6], 
Let p be a o-decomposable max-measure on (52, ~2) and let v be a max- 
measure on (Q, Se) such that v(A) =0 whenever p(A) =O. Let 
aE [0, + co]. Lemma 4.2 implies that a class of all the sets A E&‘, 
satisfying v(B) 3 u * p(B) for every BE zz’ and B c A has a p-maximal set, 
and we denote it by [v/p](a). 
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LEMMA 8.1. If‘ O<udhc +co, and if' A c [v/p](a)-[v/p](h) and 
AE.~, thena*p(A)<v(A)db^p(A). 
Prooj Let A c [v/p](a)- [v/,u](~). It is sufficient to prove that v(A) < 
h ^ p(A). Let ‘6 be a class of all those sets CE .d that Cc A and 
v(C) d b t p(C). Similarly to the proof of Lemma 4.2, we obtain a set ME %? 
such that, if CE G?? and C n M = 0, then p(C) = 0. Therefore we have that 
A - Mc [v/P](~)[P]. By the definition of A, p(A -M) = 0. Hence v(A) < 
h*p(A). 
We say that a number x is multiplicatively finite, m-finite for short, if 
lim (1 _ +O a ^ x = 0. A measurable set A is called m-finite (with respect to p) 
if p(A) is m-finite, and a max-mreasure p on (52, d) is called CJ - m-finite if 
D is a countable union of m-finite sets. 
THEOREM 8.2 (Radon-Nikodym-like theorem II). Zfp is a o-m-finite 
a-decomposable mux-measure on (52, d) and if v is a max-measure on 
(Q, d), then there exists a function f such that 
s f&= v(A) 
for every A E & 
A 
iff, for every m-jinite set A with respect to p 
v(A)<(+co)‘p(A). 
Moreover if every positive m-finite number is right reducible (i.e., if x is 
positive m$nite and tf a ‘: x = b * x, then a = b), then the function f is unique 
in the sense of u.e. 
Proof If AE& and if ],fdp=v(A), then ~(A)<l~(+c~)dp= 
(+a~)‘,dA). 
Conversely suppose that v(A) < ( + co) ^ p(A) for every m-linite set A. 
We may assume that D is m-finite. We write 
Cvl~l(jP- Cv/~l((j+ 1)/W forn,j=@ H;= 1, 2,..., 
and 
Ha= Cvl~l(+~) =Q-t..j W%l . 
i > 
We define for n = 0, 1, 2 ,..., 
f”(0) = r.; 
o~HS;forj=O, 1,2 ,..., 
2 WEH, 
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and 
We prove that, jA f dfi = v(A) for every A E d. 
Let AE&. 
= lim 
n-m [f 
A~H 
m 
.fn+ ?- 2 r,,, fn &] 
i n 
= lim (+oo)^p(AnH,) $ f:(j/2n)rp(AnH;) 
n-00 [ i 1 
d lim v(A n H,) $ f: v(A n Hi,) 
n-m 
J 1 
= v(A). 
We show that TA f dp 3 v(A). 
v(A)=v(AnH,) T rv(AnHJ) 
I 
=max{v(AnH,),supv(AnHi,)). 
i 
Hence, if v(A) = v(A n H,), then 
=(+co)^p(AnH,) 
= v(A n H,) 
= v(A). 
So let us assume that v(A) > v(A n H,) and v(A) > c. There is an integer j, 
such that v(A nH$)>c. Since 
A n H’, = (A n Hz+ 1) u (A n H?;i)[p] 
and 
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we obtain a sequence {,j,,) satisfying 
and 
v(A n Hf) = v(A n H(f) for n = 1, 2,.... 
Let x,, = p(A n Hfi), a,, =,j,/2” and h, = (j,, + 1)/2” for n = 1, 2 ,.... By 
Lemma 8.1, u, : X, G v( A n HI;) d b,, : x,, The sequence { xIt } of non- 
negative numbers converges since it is nonincreasing. Obviously {a,} and 
VLI converge to the same number. And x,, is m-finite for n = 1, 2,.... It 
follows from these facts that lim, _ x1 a, : X, = v(A n Hg), and, hence, there 
is an integer m such that (j,J2m) ^ p(A n Hc) > c. Therefore 
and we have that jA j’dp 3 v(A). 
We now prove the second assertion. Suppose that IA f dp = fA g dp for 
every A E &. Let Y be a set of all pair (r, s) of nonnegative rational num- 
bers such that r > s, and let 
II,,~= {o:f(o)>r>s>g(w)} 
for every (r, s) e P. Since 
and 
it follows from the assumption that P(A,,~)=O. Therefore ,u({w :f(o)> 
g(w)}) = 0, and similarly p( {w : g(o) >f(o)}) = 0, hence f = g a.e. 
If ‘: is min, the integral with respect to a max-measure is the fuzzy 
integral in the sense of Sugeno [6]: 
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In this case every number in [0, + co] is m-finite. We have 
COROLLARY 8.3. Let a multiplication * be min. If p is a o-decomposable 
max-measure on (Sz, d) and tf v is a max-measure on (a, zZ), then there 
exists a function f such that 
I f dp=v(A) 
for every A E d 
A 
tff v(A) <p(A) for every A E d. 
If a multiplication is the ordinary one, then m-finiteness is equivalent to 
finiteness. 
COROLLARY 8.4. Let a multiplication * be a ordinary one. If p is a 
a-decomposable o-finite max-measure on (Q, .c9) and if v is u max-measure 
on (Q, &), there exists a function ,f such that 
s Af dp=v(A) for every A Ed 
iff v(A) = 0 whenever p(A) = 0. Moreover the function f is a.e. unique. 
APPENDIX 
Here we prove Theorem 5.1. First, we prove a sequence of lemmas. 
Assume that a composition (a, x) c-, a ^ x has the properties (Ml )-(M5). 
LEMMA A.l. If x is idempotent, then so is a t x. 
Proof. It follows from (M 1) that 
(a:x) T (a’x)=a’(x $ x)=a’x. 
LEMMA A.2. a : elk = uk for every a > e where e is a left identity. 
Proof. If e = +co, it is trivial. So assume that e < + co, and assume that 
there exists a number aE (e, + co) such that a C ak # tlk. By (M2) we have 
that a ^ elk > elk = e ^ c(~. Then it follows from (M5) that there exists a num- 
ber a,, such that e < a, < a and ak < a0 ‘: CQ < pk. This contradicts Lem- 
ma A. 1. Therefore a ^  c(~ = dk for eda< +oo, and (+co)^Q= 
lim o-r+Eaa@cr,=a,. 
LEMMA A.3. a-flk=ljk for Ota<e. 
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Proqf: Similar to Lemma A.2. 
LEMMA A.4. (1) T;=, x = g:(ng,(x)), Vx E (a,, bk]. 
(2) C,,~=Bk,vXE(@k,Bkl. 
(3) “(~jx)=~,U’X,V’a,XEIO, SKI]. 
Proof: Trivial. 
LEMMA AS. a $ Pk = Ijk for a 2 e. 
Proqf: Let eda< +co. Since ac/?kae^/l,=fik and a^a,=cr,, there 
exists a number XE (elk, jk] such that a ‘: x = pk. Hence 
and 
(+a3)‘pk= lim a*/lk 
~‘fcc 
=BlC. 
LEMMA A.6. a^cr,=a,forO<a<e. 
Proof: Let us assume that there exists a number a such that 0 <a <e 
and a  ^elk #elk. The monotonicity of  ^ implies that a c tlk < elk. Since 
a : Pk = bk, there exists a number x E (a,, fik] such that a * x = ak. Hence 
a”Pk=ac 2.x 
( > J 
This contradicts the fact that a  ^ /lk = Pk. 
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Proof of Theorem 5.1. By previous lemmas we obtain the fact that, if 
a~(0, +oO)andxE[xk,j?k], thena^xE[a,,PJ. 
We define a function fk:(Q +a)+ h, &I by f&4= 
min{x:a*x=/?,}. Let UE(O, +co), x, yE[ak,Pk] and g,Jx)+ 
gk( y) < gk( fk(u)). We obtain that 
lTk(X) + iTk(Y) < g,(f,(u)) 
-x T y<f,(u) 
*u?(x T Y)<j?k 
=(u^x) 7 (u*y)</?k 
- g,(a ^ xl + ‘Yk(U ‘: Y) < gk(Bk). 
Therefore it follows from (M 1) that 
g,(a c &T(gk(x) + g,(Y))) = g,(a ^ xl + g,(a ‘: Y). 
We introduce into this equation the notations 
24 = gkb), u = gk( Y)? E,(s) = %!?,(a ‘: &T(s)). 
We have 
E,(u + u) = E,(u) + E,(u). 
Since the continuity of g, and (M5) imply the continuity of E,, there exists 
a function h, such that 
K,(u) = h,(a)u for 0 G u < gk(fk(u)), 
so we have that 
a * x = giW,(a) gdx)) for ak <x < fk(u). 
By (M5) and the continuity and monotonicity of g,, the above equation 
holds for ak <x < bk. (M2) and (M5) imply that hk is continuous and non- 
decreasing. So we define hk( + co) = lim, _ + o. h,(u), then we obtain that 
a ’ x = tG(h,(a) g&J) 
for UE(O, +co] and XE[CL~,~~]. 
We next show that O<h,(u)< +co for O<u< +co. Let O<u< +co. If 
h,(u) = 0, then 
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and this contradicts that u : pk =flk. If h,(a) = +x8, then, for every 
-y E (a, 3 BA 13 
hencea*a,=lim.,.,+,,a* x = flk, and this contradicts that a : ak = ~1~. 
By (M4), we have that h,(e) = 1. 
Last, we prove that h,(a) = 1 for 0 <ade if (a,, /Ik] is nilpotent. Let 
(!I,, flk] be nilpotent. It is sufficient to prove that, if a E (0, e] and 
XE [a,, /Ik], then u : x=x. Assume that there are numbes aE (0, e] and 
.xE[cI~,/?~] such that a^x#x. Since a:x<e*x=x, we have a*x<x, 
that is, gk(a  ^x) < gk(x). If JJ = gz( gk(Bk) - gJ.x)), then 
gda ’ xl+ da ’ v) d gda * x) + gk(y) 
= g,(a ‘: -xl + gk(Pk) - g&l 
< &(lJk 19 
therefore 
This is a contradiction. 
The proof is now complete. 
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